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Introduction 
The problem of determining the occupational degeneracy for indistinguishable, 
non-interacting dimers distributed on a rectangular M x N lattice space has never 
been solved for general values of M and N (see, for example, [6]). Certain special 
cases have been solved using a variety of techniques. For example, the one-dimen- 
sional case [M = 1, any N] has been solved exactly using combinatoric reasoning [4] 
for dimers and for A-bell particles [7] which occupy A linearly contiguous sites. Set- 
theoretic arguments have been employed [8] to obtain recursion relations that 
describe exactly the occpuational degeneracy for M=2. Read [lo] has determined 
the orientational degeneracies for saturated 3 x N and 4 x N lattice spaces and has 
presented computer-generated values of the saturation degeneracies for 2 x N 
through 9 x N spaces for values of N through 30. Recently, Read [l l] has solved 
the general [unsaturated] occupational degeneracy for 3 x N lattices; and Ahrens 
[l], by a somewhat different technique, has solved the same problem. 
Other techniques have been utilized to determine the orientational degeneracy for 
dimers on a completely filled lattice space. For example, Kasteleyn [3] and Temperley 
and Fisher [12] have used the algebraic properties of Pfaffians and Lieb [5], the 
transfer matrix method to determine the appropriate orientational degeneracy. 
Utilizing a technique similar to that employed by Read [l 1) we have been able to 
obtain the recursion relations that yield exactly the general occupational degeneracy 
for dimers on a Mx N space for values of A4 from 1 through 10, e.g. for M= 3 we 
obtain 
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kl[N,~]=A[N-l,q]+3‘4[N-1,q-ll+2A]N-2~q-ll 
+7A[N-2,q-2]+5‘4[N-Lq-31+ A]N-3,q-21 
+ A[N-3,q-3]-2A[N-3,q--41-2AIN--4,q-41 
-3A[N-4,q-5]-SA[N-4,q-61+ AIN-5,q--61 
- A[N-5,q-7]+ A[N-6,q-91 (1) 
If the lattice space is completely filled, i.e., if q = 3N/2 [this assumes N is even be- 
cause q must be an integer], then because A [N, q] = 0 for q > 3N/2, eq. (1) reduces to 
A*[N,q] = AN = 5A&r_~--5A,v_4+AN_fj. (2) 
As Read [lo] points out, eq. (2) is not the simplest form of the recursion for A,v. 
If we write 
A,v = 4A,v_* -AN_& (3) 
reindex it [N -+ N - 21 and subtract the result from eq. (3), we obtain eq. (2). Thus, 
eq. (3) represents a simpler form of the desired recursion. 
If we assume [9] that 
A.v = C{?}N (4) 
where c is an arbitrary constant, eq. (3) yields the associated polynomial 
r’-4r+l =o. (5) 
Upon imposing the initial conditions, A,,= 1, A*= 3, we see that 
f 3+1 A.\: =- f- 
20 
[2+)5]N’* +- 3 1 [2-1/5]N’2, 
w 
N=O,2,4,6 ,... . (6) 
As N + 03, the second term in eq. (6) is negligible, then 
where the number [2+3”*]“* is the so-called molecular freedom [2]. 
A similar procedure can be used for any value of M, although the number of 
terms in the resulting recursion relation increases very rapidly, i.e., as 2tfM’*] + 1 
(where [M/2] is the largest integer contained in M/2). 
Table 1 shows the results of calculations, similar to those carried out above, for 
M= 1 through 10 and any value of N. 
In Table 2 we show the numerical values of the dominant root, P, of each of the 
polynomials associated with the recursion relations [Table 1] along with the corres- 
ponding molecular freedoms, rl. Closed form solutions for the roots of the associated 
polynomials are possible for values of M up to 2. The roots of the M= 3 polynomial 
are all real and hence the cubic is irreducible. The molecular freedoms appear to be 
converging to the value given in [3,12] when M and N -* 03. 
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Table 1 
Recursion relations for dumbbells on a saturated M x N lattice for values of M from one through ten 
1 xN: 
2xN: 
3xN: 
4xN: 
5xN: 
6xN: 
7xN: 
9xN: 
10xN: 
Table 2 
Dominant roots (,u) of the associated polynomials along with their corres- 
ponding molecular freedoms (I.) for dumbbells on a saturated M x N 
lattice space for values of M from one through ten 
Array P #I 
2xN 1.6180 1.6180 
3xN 1.9318 1.5511 
4xN 2.8405 1.6854 
5xN 3.5417 1.6584 
6XN 5.0486 1.7155 
7xN 6.4167 1.7008 
8xN 9.0071 1.7324 
9xN 11.5728 1.7231 
IOxN 16.0939 1.7433 
We observe that the polynomials associated with the recursions given in Table 1 
have the following properties: 
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(a) Their degree increases as 2[(1M+‘)‘21. 
(b) All the roots are real. 
(c) The dominant root is positive. 
(d) The roots can be paired as follows: 
(i) for odd M, the roots can be grouped as reciprocal pairs or, alternatively, 
as negative reciprocal pairs; 
(ii) if M is divisible by 4, the roots occur in positive recpirocal pairs; 
(iii) if M is even but not divisible by 4, the roots occur in negative reciprocal‘ 
pairs. 
(e) For odd M the polynomials have coefficients whose absolute values mono- 
tonically increase to a maximum, then monotonically decrease. 
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